This procedure represents an extension of Castigliano's principle for stresses, in the formulation of Reissner [1], to thermoelasticity and heat conduction. It is also noted, that Biot's [3] variational procedure, which yields the elastic equilibrium equations and the heat conduction equation as the Euler equations, is a mixed one, in the sense that the former is one of the equations obtained in applying the extended Green procedure, while the latter belongs to the equations obtained using the extended Castigliano's procedure.
Introduction.
The purpose of this paper is to show that if the total heat energy of a certain part of a heat conductor is specified in advance as a function of time, the initial temperature of the conductor is known, and in the case of a finite conductor, the temperature behavior at one of the ends is specified in advance, then there exists a unique temperature distribution in the conductor which produces the specified total *Received July 19, 1962; revised manuscript received December 14, 1962. Author with the Brookhaven National Laboratory, Upton, N. Y. energy in the given portion of the conductor. In the cases of a homogeneous semi-infinite conductor and a homogeneous finite conductor, the determination of the temperature distribution, which gives the specified energy in the given portion of the conductor, is reduced in each case to solving a Yolterra integral equation of the second kind. First, the case of a semi-infinite homogeneous conductor will be treated in detail. Then, the analogous results for the homogeneous finite conductor will be summarized.
2. Preliminaries for the case of a homogeneous semi-infinite conductor. Consider the problem of finding a temperature distribution u(x, t) such that
•J 0 where u(x, t) satisfies
and E(t), x(t), and <p(x) are known continuous functions of their arguments in the interval [0, oo) such that
Jo From the linearity of the differential equation, it suffices to consider the case for which <p(x) =0. Definition 1. A function u(x, t) is a solution of (l)- (2) if and only if u(x, t) is a continuous and bounded solution of (2) which satisfies (1).
3. An equivalent integral equation. Assume that (l)-(2) possesses a solution u(x, t). Set w(0, t) = /(<). As u(x, t) is a continuous and bounded solution of (2), it is well known [4] 
By Fubini's theorem,
Therefore, the boundary temperature of any solution of (l)-(2) must satisfy (7). Since bounded solutions of (2) are determined uniquely by their boundary and initial data, the following equivalence theorem is valid. Theorem 1.
There exists a unique solution of (l)- (2) if and only if there exists a unique continuous solution f(t) of (7) with /(0) = 0.
Proof. Assume that (l)-(2) possesses a unique solution u(x, t). It is clear from previous analysis that (7) possesses a continuous solution fit) with /(0) = 0. Moreover, f(t) is unique. If not, then there exist solutions /,(<), i = 1, 2, of (7) such that fi(t) ^ /2(i)-
Clearly, m,(x, <)> * = 1, 2, are solutions of (l)- (2) . From (8) and f,(t) ^ f2(t), it follows by an elementary argument that Ui(x, t) ^ u2(x, t) which contradicts the assumption of uniqueness of the solution of (l)- (2) . Assume now that (7) possesses a unique continuous solution f(t) with /(0) = 0. It follows immediately that u(x, t), which is defined by (4) , is a solution of (l)-(2). Moreover, by an argument analogous to the one above, u(x, t) is unique.
4. A Volterra integral equation of the second kind for f(t). In this section, the existence and uniqueness of solutions of (7) will be considered. For this purpose, assume that (a)E(t) is C1 in 0 < t < °° with E(0) = 0, (
Assume that (7) possesses a continuous solution /(<) with /(0) = 0. It will be shown that j(t) satisfies an equivalent Volterra integral equation of the second kind. From this fact, the existence, uniqueness and stability of solutions of (7) will follow immediately. Now, (7) can be rewritten as f0' + <r1/2 [ rn(x(t), t -r)/(r) dr.
Using the inversion theorem for Abel integral equations [1, 3] , it follows formally that
In order to justify the use of the inversion theorem, it suffices to perform the indicated differentiation in (11). First, note that the integral in (11) certainly converges for all z > 0. As
7T Jo (Z -t) % Jo where the prime denotes differentiation with respect to the given argument, it follows that 
Jo Thus, any solution of (7) must satisfy (18). Consider Eq. (18). Since Q(z) is continuous with Q(0) = 0 and since it can be shown that K(z, t) is bounded by a polynomial in (2 -t)1/2 and that K (z, r) is two dimensionally continuous in both variables for z > r, it follows that (18) possesses a unique continuous solution f(z) such that /(0) = 0. By the method of solving Abel's equation [1, 3] , it follows from (17) that the solution /(z) of (18) is a solution of (7). Moreover, it is the only solution of (7) since the existence of two distinct solutions of (7) would imply the existence of two distinct solutions of (18) which is contrary to the known fact that (18) can possess only one solution. Hence, the following theorem and corollary are valid. Theorem 2. If E(t) and x(t) satisfy (9), then (7) possesses a unique continuous solution ]{z) for z > 0 such that /(0) = 0. Moreover, f(z) is determined by the equation (18).
Corollary. If E(t) and x(t) satisfy (9), then problem (l)-(2) possesses a unique solution.
Remark. In the case that the total energy of the entire conductor is specified as a function of time, equation (7) is simply an Abel integral equation.
5. Summary of results for homogeneous finite conductors. Consider now the problem of finding the temperature distribution u(x, t) such that
Jo where u{x, t) satisfies
«(1,0 = m, 0 < t, m = *(i) and E(t), x(t), \p(t), and <p(x) are known continuous functions of their arguments for 0 < t < co and 0 < x < 1 such that follows from the definition and [2, 4] that
where mM, t -r) = w -r)]-1/2 exp t > T.
By the argument of section 3, the integral equation, which is equivalent to (19)- (20), is 
Thus, (24) can be rewritten as l' (T=%72 rfr = 7T,/2£(*) + T1/a £ [mMt), t-r) -m2{t -r)}g{r) dr.
Assume that (a)E(t) is C1 in 0 < / < °° with 2?(0) = 0, .
(b)x(O is C1 in 0 < t < °o with 0 < f < x(t) <1, t > 0.
Then, by the argument of section 4, the Volterra integral equation, which is equivalent to (24), is g(z) = Q(z) + f H(z, r)g(r) dr, 
Therefore, problem (19)-(20) possesses a unique solution u(x, t) which is determined by equation (28).
